Introduction {#Sec1}
============

For simulating wave phenomena, the state of the art relies heavily on efficient and accurate numerical solution techniques for hyperbolic systems. This paper is concerned with those solution techniques that proceed by subdividing the spacetime into tent-shaped subregions satisfying a causality condition. Just as light cones are often used to delineate what is causally possible and impossible in the spacetime, tent-shaped spacetime regions are natural to impose causality when numerically solving hyperbolic equations. By constraining the height of the tent pole, erected vertically in an increasing time direction, one can ensure that the tent encloses the domain of dependence of all its points. This constraint on the tent pole height is a causality condition that a numerical scheme using such tents should satisfy. The spacetime subdivision into tents may be unstructured, thus allowing such schemes to advance in time by different amounts at different spatial locations, i.e., local time stepping can be naturally built in while subdividing the spacetime into tents.

The main contribution of this paper is a new explicit Runge--Kutta type time stepping scheme for solving hyperbolic systems within a spacetime tent. Standard time stepping methods cannot be directly applied on tents, since tents are generally not a tensor product of a spatial domain with a time interval. A non-tensor product spacetime tent can be mapped to a tensor product spacetime cylinder using a degenerate Duffy-like transformation. This is the basis of the Mapped Tent Pitching (MTP) schemes that we introduced previously in Ref. \[[@CR5]\]. As shown there, a spacetime Piola map can be used to pull back the hyperbolic system from the tent to the spacetime cylinder. Being a tensor product domain, the spacetime cylinder, admits the use of standard explicit time stepping schemes, like the classical RK4 scheme. However, as we shall show here, expected convergence rates are *not* observed when such standard explicit schemes are used. The cause of this problem can be traced back to the degeneracy of the map. After illustrating this problem, we shall introduce a new Structure Aware Runge--Kutta (SARK) scheme, which overcomes this problem.

We first reported the above-mentioned order reduction in \[[@CR6]\], where a fix was proposed for *linear* hyperbolic systems, called the Structure Aware Taylor (SAT) scheme. In contrast, the new SARK schemes of this paper are applicable to *both linear and nonlinear* hyperbolic systems.

Prior work on tent-based methods spans both the computational engineering literature \[[@CR2], [@CR11]\] and numerical analysis literature \[[@CR4], [@CR12]\]. These works have clearly articulated the promise of tent-based schemes, including local time stepping, even with higher order spatio-temporal discretizations, and the opportunities to utilize concurrency. Recent advances include tent-based Trefftz methods \[[@CR13]\] and the use of asynchronous SDG (spacetime discontinuous Galerkin) methods to new engineering applications \[[@CR1]\]. One can find explicit methods for conservation laws in the literature, like the finite volume approach in \[[@CR10]\], which incorporate local time stepping without the usage of a tent mesh. In contrast to the presented MTP schemes, the extension to high order is yet to be done for those methods.

To place the present contribution in the perspective of these existing works, a few words regarding our focus on explicit time stepping are in order. The ratio of memory movements to flops is very low for explicit schemes, making them highly suitable for the newly emerging many-core processors. However, before the introduction of MTP schemes in Ref. \[[@CR5]\], it was not clear that such advantages of explicit time stepping could be brought to any tent-based method. Now that we have an algorithmic avenue to perform explicit time stepping within tent-based schemes, we turn to the study of accuracy and convergence orders. Having encountered the unexpected roadblock of the above-mentioned convergence order reduction, we have been focusing on developing time stepping techniques to overcome it. This paper is an outgrowth of these studies.

In the next section, we quickly review the construction of MTP schemes, showing how the main system of ordinary differential equations (ODEs) that is the subject of this paper arises. In Sect. [3](#Sec3){ref-type="sec"}, we show why one should not use standard Runge--Kutta schemes for solving this ODE system. Then, in Sect. [4](#Sec4){ref-type="sec"}, we propose our new SARK schemes for solving the ODE system. Sect. [5](#Sec5){ref-type="sec"} derives order conditions for these schemes. In Sect. [6](#Sec11){ref-type="sec"}, we study the discrete stability of SARK schemes. Section [7](#Sec16){ref-type="sec"} reports on the good performance of the new schemes when applied to some standard nonlinear hyperbolic systems.

Construction of mapped tent pitching schemes {#Sec2}
============================================

In this section we give a brief overview of MTP schemes. Let $\documentclass[12pt]{minimal}
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The hyperbolic systems we have in mind are general systems with *L* unknowns in *N* spatial dimensions, posed on the spacetime cylinder $\documentclass[12pt]{minimal}
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MTP schemes proceed by mapping each of the tents arising above to a spacetime cylinder. To define the mapping, we consider a general tent *K* over any given vertex patch $\documentclass[12pt]{minimal}
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For readability, we omit the spatial variable *x* and pseudo-time $\documentclass[12pt]{minimal}
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Difficulty with standard time stepping {#Sec3}
======================================

In this section, we describe the problem we must overcome, thus setting the stage for the new schemes proposed in Sect. [4](#Sec4){ref-type="sec"}. The problem is that standard Runge--Kutta methods when applied to the tent system ([12](#Equ14){ref-type=""})---after a standard reformulation---do not give expected orders of convergence.
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Structure aware Runge--Kutta type methods {#Sec4}
=========================================

In this section, we develop specialized Runge--Kutta type schemes that do not show the above mentioned order loss of classical Runge--Kutta schemes.
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Definition 1 {#FPar1}
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Hence we use ![](42985_2020_20_Figa_HTML.gif){#d30e6396} instead of the standard Butcher tableau ![](42985_2020_20_Figb_HTML.gif){#d30e6399} to express our scheme. Here we restrict ourselves to schemes where $\documentclass[12pt]{minimal}
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Order conditions for the scheme {#Sec5}
===============================
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Derivatives of the exact solution {#Sec6}
---------------------------------
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Armed with ([22](#Equ32){ref-type=""}), we proceed to compute the derivatives of $\documentclass[12pt]{minimal}
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Derivatives of the discrete flow {#Sec7}
--------------------------------
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Formulation of order conditions {#Sec8}
-------------------------------
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### Theorem 1 {#FPar2}
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Examples of methods up to third order {#Sec9}
-------------------------------------

Observe that the standard order conditions of Runge--Kutta methods are a subset of the order conditions derived in Sect. [5.3](#Sec8){ref-type="sec"}. Thus we base our SARK methods on existing Runge--Kutta methods. Below, we shall refer to an *s*-stage SARK method based on an existing Runge--Kutta method called "RKname" as "SARK(*s*, RKname)".

A second order two-stage SARK method can be derived from a second order Runge--Kutta method once we find $\documentclass[12pt]{minimal}
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The third order SARK methods in Table [2](#Tab2){ref-type="table"} are based on known third order Runge--Kutta methods with three stages. The additional coefficients $\documentclass[12pt]{minimal}
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Application of multiple steps within a tent {#Sec10}
-------------------------------------------

Recall that the ODE system we need to solve within one mapped tent is ([17](#Equ21){ref-type=""}) for $\documentclass[12pt]{minimal}
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We then apply ([1](#FPar1){ref-type="sec"}) to each of these subtents. Accordingly, let $\documentclass[12pt]{minimal}
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### Algorithm 1 {#FPar3}
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We conclude this section by defining the propagation operators of the above algorithm, which we shall use later. At step *k*, we define the (generally nonlinear) partial propagation operator $\documentclass[12pt]{minimal}
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Investigation of discrete stability {#Sec11}
===================================

This section is devoted to remarks on the stability of the new SARK schemes. While it is common to study stability of ODE solvers by applying them to a simple scalar ODE, keeping our application of spatially varying hyperbolic solutions in mind, we consider changes in an energy-like measure on the solution $\documentclass[12pt]{minimal}
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Our procedure to study linear stability {#Sec12}
---------------------------------------

Stability of the scheme within a tent can be understood by studying the discrete analogue of the ratio $\documentclass[12pt]{minimal}
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We now describe how we computed the norm of *S* for some examples below. Writing $\documentclass[12pt]{minimal}
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Propagation operator of two-stage SARK methods {#Sec13}
----------------------------------------------

For an arbitrary two-stage SARK method the only non-zero coefficients are $\documentclass[12pt]{minimal}
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Propagation operator of three-stage SARK methods {#Sec14}
------------------------------------------------

A similar calculation for three-stage SARK methods, using the order conditions ([26](#Equ44){ref-type=""})--([28](#Equ46){ref-type=""}), leads to the propagation matrix$$\documentclass[12pt]{minimal}
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Discrete stability measure for a model problem {#Sec15}
----------------------------------------------

We report the practically observed values of the previously described stability measure (namely the norm $\documentclass[12pt]{minimal}
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In all our numerical experiments, we observed that on each tent, for a fixed *s*, the norm $\documentclass[12pt]{minimal}
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The exceptional case is the case $\documentclass[12pt]{minimal}
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Note that all the plotted curves in Fig. [4](#Fig4){ref-type="fig"} shift to the top and right as *p* increases, i.e., the number of substeps *r* required to keep the same stability measure $\documentclass[12pt]{minimal}
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Numerical results {#Sec16}
=================

In this section, we collect our observations on the performance of the new SARK schemes, on the one-dimensional Burgers' equation (in Sect. [7.1](#Sec17){ref-type="sec"}) and the two-dimensional Euler system (in Sects. [7.2](#Sec18){ref-type="sec"}--[7.3](#Sec19){ref-type="sec"}). While Sect. [7.2](#Sec18){ref-type="sec"} focuses on the study of convergence rates for a smooth Euler solution, Sect. [7.3](#Sec19){ref-type="sec"} presents the application of SARK scheme on the computationally challenging problem of simulating a Mach 3 wind tunnel with a forward-facing step.

Convergence rates for Burgers' equation {#Sec17}
---------------------------------------

Let us begin by returning to the one-dimensional model problem of Sect. [3](#Sec3){ref-type="sec"} to show that the SARK methods do *not* suffer from the previously described convergence order reduction. For this discussion, the equation and error $\documentclass[12pt]{minimal}
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The data shown in Fig. [5](#Fig5){ref-type="fig"} was generated with the polynomial order $\documentclass[12pt]{minimal}
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                \begin{document}$$s=3$$\end{document}$ respectively. As *h* decreases, in Fig. [5](#Fig5){ref-type="fig"}a we eventually see quadratic convergence for the two-stage SARK method (although the convergence rate seems to be slightly higher in a preasymptotic regime), while the rate of the underlying standard Runge--Kutta method drops to first order. The three-stage SARK method in Fig. [5](#Fig5){ref-type="fig"}b shows cubic convergence while the rate of the underlying standard Runge--Kutta method drops to first order again. These plots clearly show the benefit of using SARK scheme over the corresponding standard Runge--Kutta scheme.

Convergence rates for a 2D Euler system {#Sec18}
---------------------------------------

Now we apply SARK methods to the Euler system. Similar to the Burgers' example, which we discussed in the previous section, we choose smooth initial data and fix a final time before the onset of shock so that no limiting is needed.
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The data shown in Fig. [6](#Fig6){ref-type="fig"} was generated with polynomial degree $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_h$$\end{document}$ as defined in ([37e](#Equ66){ref-type=""}) over spatial degrees of freedom (dof) for SARK and standard RK methods applied to the Euler equation on tents as described in ([37](#Equ62){ref-type=""})

The errors of the two-stage SARK method and the underlying RK method is seen to diverge already for the first refinement level in Fig. [6](#Fig6){ref-type="fig"}a. While the SARK method shows the expected second convergence order, the rate of the RK method drops to first order. For the three-stage methods in Fig. [5](#Fig5){ref-type="fig"}b, we see cubic convergence for both method for the first few refinements. The convergence rate of the RK method eventually drops to first order while the SARK converges at third order.

Mach 3 wind tunnel {#Sec19}
------------------

We conclude with the well-known benchmark example \[[@CR14]\] of the wind tunnel with a forward-facing step onto which gas flows at Mach 3. The situation is modeled by the already described Euler system ([37a](#Equ62){ref-type=""}), but now with the initial values$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _0$$\end{document}$ with a re-entrant corner at the edge of the forward-facing step --- the domain and the boundary conditions are exactly as illustrated in numerous previous works, see e.g., \[[@CR5], Fig. 4(a)\]. Our numerical experience with this problem shows that it is beneficial to use high order local time stepping. As in our prior study \[[@CR5]\], we use a spatially refined mesh near the re-entrant corner and let the tents adapt, providing automatic local time stepping. In contrast to the standard time stepping used in Ref. \[[@CR5]\], we now use one of the newly proposed SARK schemes.

We shall apply the SARK(3, Heun) method. Unlike the study in Sect. [7.2](#Sec18){ref-type="sec"}, now we must handle multiple shocks that develop over time, so it is necessary to add some stabilization to the system. This is done by adding artificial viscosity based on the entropy residual as suggested by \[[@CR7]\]---details of this stabilization on tents are exactly as already described in Ref. \[[@CR5]\], so we omit them here.

One of the components of the computed solution is shown in Fig. [7](#Fig7){ref-type="fig"}. This was generated with polynomial order $\documentclass[12pt]{minimal}
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                \begin{document}$$r=16$$\end{document}$ substeps within each tent. Figure [8](#Fig8){ref-type="fig"} shows the spatial mesh with the locally refined corner. The zoom in illustrates the local refinement of the tents which comes in naturally through the causality constraint while pitching the tents. The solution component (logarithmic density) shown in Fig. [7](#Fig7){ref-type="fig"}a is comparable with the solution we previously obtained using standard methods in Ref. \[[@CR5]\], but now due to the higher accuracy of the new SARK time integration, we obtained a similar quality solution faster (with the overall simulation time on the same processor reduced by a factor of 10). We also observed that the entropy residuals calculated off the computed solution with SARK schemes led to a significantly reduced addition of artificial viscosity. The artificial viscosity coefficients generated by the entropy residual are shown in Fig. [7](#Fig7){ref-type="fig"}b, which is about half the size of what is shown in the corresponding plot in our earlier work \[[@CR5], Fig. 5\].Fig. 7Solution of the Mach 3 wind tunnel with a forward-facing step at the final time $\documentclass[12pt]{minimal}
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                \begin{document}$$p=4.$$\end{document}$Fig. 8Locally refined spatial mesh (top) used for the Mach 3 wind tunnel example and a zoomed in view of the spacetime tents at the refined corner showing the automatic local timestepping. (In the spacetime figure, vertical direction represents time)
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